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I. INTRODUCTION 
I n  t h e  year  1912, Hess summarized t h e  r e s u l t s  of h i s  manned 
I I bal loon experiment with t h e  statement,  The r e s u l t s  of my observz~~-  
t i o n s  a r e  b e s t  explained by the  assumption t h a t  a radiation of 
- 
very. g r e a t  penet ra t ing  power e n t e r s  our  atmosphere from abovc. ;I  a 
I 1  I I Since then, cosmic rays ,  a s  they were named by Mill ikan during 
t h e  m i d - 1 9 2 0 ' ~ ~  have pllayed an important r o l e  i n  understa.nding 
t h e  nuclear  and subnuclear behavioy of ma t t e r ,  To t h i s  day, t h e  
origSn of the  cosmic rays  has  not been s a t i s f a c t o r i l y  explai2ed, 
but  i t  has become c l e a r  t h a t  they p ley  an important r o l e  I n  che 
la rge-sca le  plasmas i n  t h e  i n t e r p l a n e t a r y  and i n t e r s t e l l a r  media .  
A s i g n i f i c a n t  con t r ibu t ion  towards understanding the  r o l e  
t h a t  cosmic rays  p lay  i n  la rge-sca le  plasmas was made by Enr l co  
Fermi i n  1 9 4 9 . ~  Fermi f s  inqui ry  i n t o  t h e  s ign i f i cance  cbf the 
Iso t ropy of t h e  cosmic ray  f l u x  led him t o  suggest t h a t  the 
Galaxy, with i t s  magnetic f i e l d ,  i s  t h e  region  t h a t  conta ins  
these  p a r t i c l e s .  Since 1949 t h e r e  have been many refinements,  
but t h e  bas ic  idea  of g a l a c t i c  containment remains. Gradually, 
the idea  has  been accepted t h a t  cosmic rays  a r e  generated ~ i t h l n  
the  Galaxy (e.g., i n  supernovae) and contained f o r  such long times 
by the  g a l a c t i c  magnetic f i e l d s  and mat ter  t h a t  we observe a 
quasi-steady s t a t e  d i ~ t r i b u t i o n . ~  Recently, the  opinion that the 
cosmic rays  a c t u a l l y  p lay  a s i g n i f i c a n t  r o l e  i n  t h e  dynamiea3.. 
evolu t ion  of t h e  Galaxy has become more and more popular.  4 
The cosmic rays  form a gas  of charged p a r t i c l e s  which 9s  
extremely ene rge t i c .  This  gas  i s  confined wi th in  the  halo,  or 
perhaps t h e  d i sk ,  of t h e  Milky Tday. It i s  known t h a t  tlnz Galaxy 
conta ins  magnetic f i e l d s ,  of the  order  of o r  10- 6 gauss,  
which i n t e r a c t  with t h e  cosmic rays .  Furthermore, i t  has become 
c l e a r  t h a t  t h e  Galaxy conta ins  i n t e r s t e l l a r  gas  which i s  s l i g h t l y  
ionized and which i s  g r a v i t a t i o n a l l y  bound t o  t h e  s t e l l a r  pcpulzi- 
t i o n  of t h e  M i l Z c y  Way. This  s l i g h t  i o n i z a t i o n  i s  s u f f i c l e n %  t o  
produce a s t rong coupling between t h e  magnetfc f i e l d  a& the  gas ,  
Furthermore, t h e  charged na ture  of t h e  cosmic rays  makes them 
couple s t rong ly  t o  the  magnetic f i e l d ,  and the re fo re  t o  Lhe ?.nter.- 
s t e l l a r  gas ,  A p i c t u r e  emerges i n  which the  i n t e r s t e l l a r  g a s ,  
t he  cosmic rays,  and t h e  magnetic f i e l d  i n  the  Galaxy comprise a 
strongly-coupled, three-component medium which plays an imporkant 
r o l e  i n  determining t h e  s t r u c t u r e  and t h e  long-time evolu t ion  aP 
t he  Milky Way i t s e l f .  
The purpose of our work has been t o  deveiop a theory f a r  
t h i s  three-component medium which incorpora tes :  (1 )  t h e  knowledge 
t h a t  has been developed over  the  pas t  decade by plasma p .hys ic i s t s  
112e - i n  t h e  a n a l y s i s  of p a r t i a l l y  ionized gases  and p a r t i c l e  eonf" 
ment by magnetic f i e l d s ,  (2 )  t h e  information concerning the  s t r u e -  
t u r e  of t h e  Galaxy t h a t  has been developed by 0or t5  and o t h e ~ s  
with t h e  t o o l s  of r ad io  astronomy, and (3) t h e  l a t e s t  develsgnenbs 
i n  t h e o r e t i c a l  ana lyses  of the  behavior of the  cosmic rays in t h e  
i n t e r s t e l l a r  gas  and magnetic f i e l d .  
To t h i s  da te ,  t h e  t r a n s p o r t  equat ions which govern the  be- 
havior  of t h e  cosmic rays  i n  t h e  i n t e r s t e l l a r  medium have not  
been f i rmly  es t ab l i shed .  I n  f a c t ,  t h e  t h e o r i e s  which a r e  pre- 
s e n t l y  a v a i l a b l e  have been f i r m l y  es t ab l i shed  by us  t o  be i n -  
c o r r e c t  .6 Our e f f o r t s  have been d i rec ted  towards f i l l i n g  t h i s  
gap by cons t ruc t ing  a c o r r e c t  cosmic ray  t r a n s p o r t  theory ,  r!e 
have constructed, from f i r s t  p r i n c i p l e s ,  a p a i r  of coupled e q w -  
t i o n s  f o r  t h z  cosmic ray  omnidirect ional  i n t e n s i t y  and f l u x ,  t i e  
have es t ab l i shed  thak standard a v a i l a b l e  techniques f o r  con- 
s t r u c t i n g  t h e  c o r r e c t  t r a n s p o r t  theory from these  equatfclns are 
i n c o r r e c t .  We present  here  s e v e r a l  new techniques which we have 
developed f o r  obta in ing  t h e  c o r r e c t  cosmic ray  t r a n s p o r t  theory 
from t h e  coupled i n t e n s i t y - f l u x  equat ions.  
11, TIE COSMIC RAY TRANSPORT EQUATIONS 
-- 
We have shown ' t h a t  the  t r a n s p o r t  of cosmic ray  par ' t ic lss  
i n  a  tu rbu len t  plasma such a s  t h e  Lnterplanetary s o l a r  wind o r  
t h e  i n t e r s t e l l a r  gas  i s  described by t h e  fol lowing p a i r  of co,qpled 
equat ions 
and 
where I i s  the  omnidirect ional  i n t e n s i t y  given i n  terms of t h e  
cosmic ray  d i s t r i b u t i o n  funct ion,  f , by 
and where @ i s  the  f l u x  given by 
4n 
2 A O = p2 1 d gpf 
A+% 
Tne i n t e g r a t i o n s  i n  Eqs. (2.3) and (2 ,4 )  a r e  c a r r i e d  ou"t~st3er a19 
d i r e c t i o n s  of momentum so t h a t  I and O remain d i f f e r e g t t a l  
-
funct ions  of the  momentum magnitude, p  . A l l  q u a n t i t i e s  i n  2 q z ,  
) 2 ( 2 0 1 )  and ( 2 0 2 )  a r e  dimensionless. The parameters a and ( z q i  
a r e  considered small, while E = o ( 1 )  . The d e t a i l s  of the 
d e r i v a t i o n  of these  equat ions and t h e  condi t ions  under which they 
a r e  appl icable  a r e  given by Klimas and Sandri .  
The t ensor  kerne l ,  K(E,X), i s  computed d i r e c t l y  from the  
444 
two-point c o r r e l a t i o n  funct ion  o r ,  equiva lent ly ,  t h e  power spectrum 
associa ted  with t h e  random magnetic f i e l d ,  Klslmas and Sandr i  have 
shown t h a t ,  f o r  a r b i t r a r y  c o r r e l a t i o n  funct ions ,  K(E,X) 2s a 
long-ranged funct ion  of X which dftcays b a s i c a l l y  a s  I/% I"sr 
l a r g e  . A s  a r e s u l t ,  t h e  standard asymptotic ( i n  (a3)') 
approximation ( the  a d i  a b a t i c  appro~. i rnat ion)  t o  the  solu-ticn 0:: 
t h e  f l u x  equat ion f a i l s .  Without a s o l u t i o n  f o r  2 i n  k e r n s  of 
VI , a closed t r a n s p o r t  equat ion cannot be constructed fpom Zy, 
,yvc 
(2 .1) .  I n  t h i s  r epor t ,  we present  s e v e r a l  techniques which we 
have developed f o r  solving t h e  f l u x  equation with t h e  long-r2":nger'I 
kerne l .  The techniques a r e  demonstrated i n  t h e  following sectfens 
using a s c a l a r  model of t h e  f l u x  equat ion.  
111. THE MODEL FLUX EQ,UAII'ION 
I n  order  t o  study the  cosmic ray  f l u x  equat ion presented i n  
t h e  previous sec t ion ,  we have constructed a s c a l a r  model eqrxatfe.rs 
given by 
The source, o ( t )  , r ep resen t s  t h e  dens i ty  g rad ien t  berm, 2'02 $he 
kernel ,  ~ ( h )  , we choose 
Thus, the  f u l l  complexity of t h e  flu:; equat ion due t o  i t s  vec top  
form and a l s o  due t o  i t s  very complicated ke rne l  i s  e l in inaked,  
but the  long range of t h e  ke rne l  which leads  t o  the  f a i l u r e  of 
t h e  a d i a b a t i c  approximation i s  maintained. Here, t h e  param~ter, 
E , plays t h e  r o l e  of t h e  small  parameter, (eT)12 , i n  the f 1 . ~ 2 ~  
equat ion.  
I n  t h i s  sec t ion ,  we present  a number of both numerical 
and a n a l y t i c a l  techniques f o r  so lv ing  Eq.  (3,l). We first study 
t h e  homogeneous s o l u t i o n s  w i t h  a = 0 , and then  present  the in- 
homogeneous so lu t ions .  Severa l  of the  approaches presented seem 
genera l  and simple enough t o  be appl ied  t o  the  a c t u a l  f l u x  equa- 
t i o n .  
A .  The Homogeneous Solu t ion  
- 
I n  Sect ion  B, we w i l l  show t h a t  t h e  s o l u t i o n  Tor  ~ ( t )  ~ 2 ' t h  
a # 0 can be simply r e l a t e d  t o  t h e  homogeneous s o l u t i o r ~  h{"c; 
Thus, i n  t h i s  sec t ion ,  we study the homogeneous s o l u t i o n ,  
1. Numerical Laplace transform inversion.  Since t h e  integral 
term i n  Eq. (3.1) i s  i n  convolution form, t h e  equat ion can be 
r e a d i l y  Laplace transformed t o  
Thus, 
where we have a:-bi t rarf ly  s e t  ~ ( 0 )  = 1 The Laplace-"crans.?or7,ri~ed 
lrernel i s  given by 
where E l ( a )  i s  t h e  exponent ial  i n t e g r a l  
E (a) i s  a n a l y t i c  over the  e n t i r e  complex w-plane, except along 1 
t h e  negat ive r e a l  a x i s  where i t  has a branch l i n e -  
CU 
'Je have found h  ( t  ) by numerically i n v e r t i n g  P (a) , gk'ven 
i n  Eq. ( 3 . 4 ,  with 5 = 0 using t h e  inver s ion  scheme o f  Elellman, 
Kalaba and Lockett with polynomial approximations t o  E. ([u) 
8 I given by Abramowitz. I n  t h i s  s e c t i o n  we w i l l  consider  several 
q u a l i t a t i v e  f e a t u r e s  of t h e  numerical s o l u t i o n s  which must 132 
found i n  our  f u r t h e r  approximate a n a l y t i c a l  s o l u t i o n s  p-esentzd 
i n  t h e  following s e c t i o n s ,  Before going on, we note  t h a t  t l?Ls 
numerical Laplace inver s ion  technique Is one of t h e  more prarriisLng 
techniques f o r  solving t h e  cosmic ray  f l u x  equat ion,  
I n  Figs .  1-3 we have p l o t t e d  h (t ) versus time -up te times 
-5 of the  order  of seve ra l  t imes 1 / ~  f o r  E = loo3, 10-'~ and 10 - 
The small  s c a t t e r  of the  po in t s  about a  smooth curve i s  due t o  
e r r o r  I n  t h e  invers ion  scheme. Although i t  i s  not apparent f r o n  
t h e s e  p l o t s ,  t he  curve s t a r t s  out  with zero  slope a t  zero time, 
I n  Figs .  4-6 we show t h a t  the  i n i t i a l  f a s t  decay of h ( t )  can bs 
reasonably we l l  approximated by 
where m = E ~ n ( l / ~ )  = dn 61 . Thus, h ( t )  i s  i n i t i a l l y  a;~pror- 
imately Markovlan. For l a r g e r  times, however, h ( t  ) undarsl-oots 
t h e  zero  a x i s  but  then approaches zero asymptot ica l ly  for tines 
-- 1 / ~  and g r e a t e r .  The approach t o  zero  i s  p l o t t e d  in Epigs, 7-9* 
We see t h a t  t h e  approach t o  zero  i s  slow and can be roughly f f t  
by a power law dependence on time with t h e  exponent varying 
between -1 and -2 . Although t h i s  f i t  i s  poor, i t  d e f i n i t e l y  
r u l e s  out  a f a s t e r ,  i.e., exponential ,  decay t o  zero.  The solu- 
t i o n  f o r  l a r g e  t imes i s  d e f i n i t e l y  non-Markovian. We note t k a t  thc 
maximum negat ive value of h ( t )  decreases  with E and mat t h i s  
value i s  0 (a) where a = l / ldn E /  . There appears to be only 
one cross ing  of the  zero a x i s  which occups a t  a time which 4 s  
s e v e r a l  times l/u . Although we do not  present  t h e  results here, 
we have found t h a t  f o r  E = 1 , a f t e r  t h e  i n i t i a l  fast  decay, 
h ( t )  o s c i l l a t e s  about t h e  zero a x i s  with amplitude decreasing w i t h  
t ime . 
By i n t e g r a t i n g  Eq. (3 . I ) ,  we a r e  a b l e  t o  put i t  i n  th? 
renewal equat ion form 
with o = 0 . IJe have used t h i s  form of our  model equat ion to 
v e r i f y  t h e  numerical Laplace inver s ion  s o l u t i o n  by numerically 
s u b s t i t u t i n g  t h i s  s o l u t i o n  i n t o  t h e  right-hand s i d e  of Eq, (3 *8) 
and i n t e g r a t i n g  t o  f i n d  i t s  f i r s t  i t e r a t i o n .  These funct ions  a re  
p l o t t e d  i n  Fig.  10. The exce l l en t  agreement between these  tiva 
curves l eads  us  t o  conclude t h a t  t h e  numerical Laplace I.nversion 
technique has produced an accura te  so lu t ion .  
2,  Analy t ica l  Laplace transform invers ion ,  We have obtained 
an approximate expression f o r  h ( t )  v a l i d  f o r  small  E , using 
contour f n t e g r a t i o n  t o  i n v e r t  t h e  Laplace transform of Bq, (3.4). 
We f i n d  
The f i r s t  two terms a r e  due t o  t h e  res idue  from a  p a i r  of poles 
SE loca ted  a t  wl and o 2 = "1 and ~ ( t  ) r ep resen t s  t h e  e ~ n t r i - ~  
but ion  t o  h ( t )  Prom t h e  branch c u t  along the  negat ive r e a l  axLs* 
The poles  a r e  determined by t h e  d i spe r s ion  r e l a t i o n s h i p  
w + ~z(o)  = o ( 3  .a::) 
and a r e  given by 
and 
The con t r ibu t ion  from the branch c u t  i s  
I (t  ) has asymptotic p r o p e r t i e s  
and 
( t  f i x e d )  
( E  f ixed  smal l )  
This  s o l u t i o n  f o r  h ( t )  has  t h e  fol lowing q u a l i t a t i v e  features, 
Xni.i;lally h ( t  ) decays exponent ial ly  with decay t ime 
z = 1/~l an E ]  . Thus, the non-Markovian f e a t u r e s  of t h e  exact 
s o l u t i o n  a r e  l o s t  i n  t h i s  time domain; however, we have seen in 
Figs.  4-6 t h a t  t h i s  exponent ial  decay i s  a reasonable approxima*- 
t i o n .  For t = 0 ( 1 / ~ ) ,  h ( t )  i s  dominated by t h e  branch-cut 
con t r ibu t ion  which is ,  i n  addi t ion ,  wel l  approximated by i t s  l a ~ g e  
t-asymptotic form given i n  Eq. (3,lG). 
Because of the  complicated na tu re  of t h e  ke rne l  i n  t h e  c o s n i c  
r a y  f l u x  equation, t h i s  technique would probably no t  prove useful 
i n  solving t h e  f l u x  equation. However, i n  our  study of the  m o d e l  
equation, L t  does g ive  us our f i r s t  i n d i c a t i o n  of t h e  true nzitu-:e 
of t h e  long negat ive t a i l  of h ( t )  . We see t h a t  the  decay co 
zero i s  not  t r u l y  a power law decay but  t h a t  over a not  too large 
time span It might appear somewhat l i k e  a power-law decay with 
exponent somewhat l a r g e r  ( i n  a negat ive sense )  than  -I . T h i s  
r e s u l t  i s  i n  agreement w i t h  our  d i scuss ion  of F igs .  (7)-(9) i n  tiqe 
preceding sec t ion .  
3. Uniform asymptotlc expansion from a d i a b a t i c  kernel, We 
have obtained an approximate s o l u t i o n  t o  t h e  renewal form, Eq, 
( 3 . 8 ) ,  by assuming an  a d i a b a t i c  approximation t o  t h e  ke rn$ l ,  Since 
h ( t )   decay^ r a p i d l y  a t  f i rs t  and, fu r the r ,  s ince  t h e  area v n d e r  
t h e  t a i l  of h ( t )  i s  small ,  we may t r e a t  h ( h )  i n  Eq, (3.8) as  
a f in i te - ranged func t ion  which c u t s  o f f  the  i n t e g r a t i o p  aJc A << t 
f o r  s u f f i c i e n t l y  l a r g e  t . I n  t h i s  case,  Rn(l+t-A) --.' Rn( l+ t )  
f o r  a l l  over which t h e  integrand i s  nonzero. Thus, we o b t a i n  
an exact  s o l u t i o n  t o  t h e  equat ion 
I n  add i t ion ,  we have proved t h a t  
uniformly i n  t , where 
The s o l u t i o n  of Eq. (3.17) i s  obtained a s  fo l lows,  We Plersi; 
d i f f e r e n t i a t e  ~ q ~ ( 3 . 1 7 )  t o  ob ta in  
but  from Eqa (3.17) 
Therefore 
We have solved t h i s  equat ion exact ly ,  sub jec t  t o  t h e  condition 
hR(0)  = 1 and have managed t o  put t h e  s o l u t i o n  i n  the  f o r r  
In  addi t ion ,  we have shown t h a t  
i n  agreement with t h e  r e s u l t s  of the  previous sec t ion .  
h R ( t )  i n  p lo t t ed  and compared t o  t h e  numerical Laplace 
transform invers ion  r e s u l t s  i n  F igs .  11-13 fo?  E = lom3> 1~~~''~ 
and I n  general ,  t he  agreement between these  two approaches 
i s  exce l l en t ;  however, we note  some e r r o r  i n  h R ( t )  (assuming 
t h e  inver s ion  r e s u l t s  a r e  exact  f o r  the  moment) around t h e  minixun 
i n  t h e  curve Jus t  before  t h e  t z i l  se t s  i n .  On t h e  o t h e r  hairc, we 
a l s o  note  t h a t  t h i s  e r r o r  decreases  w i t h  E tlqus lending sii.pport 
t o  our claim on the  asymptotic na ture  of h R ( t )  . 
I n  t h e  f i n a l  s e c t i o n  of t h i s  r e p c r t ,  when we study the inha- 
rnogeneous model equation, we s h a l l  see t h a t  t h e  na ture  of t h e  
decay of t he  t a i l  of h ( t  ) i s  very important.  AccorCingly, we 
have p lo t t ed  h R ( t )  f o r  l a r g e  t i n  Fig.  14  and compayed i t  
with t h e  asymptotic expression given by Eq, (3.24). From tkis 
f i g u r e ,  we see t h a t  t h e  large-time behavior predicted kg u s  Ls  
v e r i f i e d .  
4. Unfform asymptotic expansion from method of extenslo-,  
Using the  systematic  method of extension, we have obtained a 
uniform asymptotic expansion of h ( t )  t o  f irst  o rde r  3.n 
a = 1/1 6n € 1  . This s o l u t i o n  can be w r i t t e n  a s  
where 
with 
and where 
w i t h  
The i n t e r e s t i n g  poin t  i n  t h i s  s o l u t i o n  i s  t h a t  t h e  t a i l  of k ( t )  
i s  seen t o  be contained i n  t h e  0 (a) c o r r e c t i o n  t o  h g ( t )  v:hlle 
h o ( t )  conta ins  the  i n i t i a l  decay of the  so lu t ion .  Notice a l s o  
t h a t  f o r  t = ~ / ~ l , t n  € 1  where T ==()(I) , we have 
-T ho(z)  = e (3.30)  
With t h i s  Markovian approximation t o  ho(z )  , h ( z )  i s  g i v e n  by 1 
which can be evaluated a n a l y t i c a l l y  t o  o b t a i n  
where y = .577 21... i s  Euler" cons tant  and where 
1 
~ ~ ( 7 )  = - q [ ~ l ( - z + i ~ )  + E ~ ( - T - ~ O ) ]  . For l a r g e  z  . we f 2nd 
Since hO(7)  decays exponent ia l ly  with T f o r  l a r g e  T , ae 
can w r i t e  
which compares favorably with Eq, (3,24) f o r  t - l/~ 
Thf s Markovian  appro^ mation t o  h (t ) g ives  us a reasanab1&- 0 
accura te  p i c t u r e  of the  homogeneous so lu t ion .  However, t o  compare 
t h i s  r e s u l t  with the  numerical Laplace transform invers ion  results, 
we have computed h ( t )  numerically from Eqs. (3.25)-(3.29)- The 
except ional  agreement between these  two techniques i s  d2monstrated 
4 i n  Figs .  15-17 f o r  E = 10- , and . 
aar;.C" On studying the  inhomogeneous s o l u t i o n  i n  t h e  f i n a l  s L, Ld 4,  on 
of t h i s  r epor t ,  we w i l l  see  t h a t  a  good es t imate  t o  the  inhomo- 
geneous so lu t ion  can be obtained from h o ( t )  i f  
i s  bounded. In  t h i s  sense, the  Markovian approximation to iin(t) 
1 
I - 
which l eads  t o  h l ( t )  - i s  very poor. With t h e  ccrreet 
t 1 ~ l d n  E 1 2 t  
h o ( t )  , t he  asymptotic behavior of h l ( t )  i s  d i f f i c u l t  t o  
a s c e r t a i n  a n a l y t i c a l l y .  However, we have s tudied h  ( t  ) =z ahL (t ) 
f o r  l a r g e  t numerically.  I n  Fig.  18, h ( t  ) from the  exteension 
method i s  compared with the  asymptotic expression f o r  12R (t 1 
given by Eq. (3,2Lb), Although t h e r e  i s  an  o v e r a l l  s h i f t  i n  mag- 
ni tude  (which i s ,  i n c i d e n t a l l y ,  i n  t h e  d i r e c t i o n  of a  b e t t e r  f i t  
t o  t h e  numerical Laplace transform invers ion  method), the decay 
of h ( t )  from extens ion  i s  e s s e n t i a l l y  the  same a s  t h a t  of 
h R ( t )  . I n  t h e  f ace  of a l l  t h i s  evidence, we conclude t h a t  t h e  
t a i l  of h ( t )  i s  i n t e g r a b l e  i n  the  sense of Eq ,  (3.35). 
B. The Inhomo~eneous Soiu t ion  
I n  t h e  d i f f u s i o n  l i m i t ,  when << ( E ~ ) ~  i n  the  cosmic ray 
f l u x  equation, we expect t h e  f l u x  t o  a d j u s t  r a p i d l y  t o  a quss i -  
steady s t a t e  which i s  d i c t a t e d  by the  slowly varying VT term, 
/U(rl 
It i s  t h i s  f i n a l  s t a t e  of the  f l u x  which we wish t o  determine In 
order  t o  f i n d  t h e  t r a n s p o r t  p roper t i e s  of I 8 I n  our mod21 
equation, t h e  source, a ( t )  , plays  t h e  r o l e  of the  V I  t e rn  i n  
.4.vl 
t h e  f l u x  equa'sion. We wish t o  determine t h e  inhomogeneous so lu-  
t i o n ,  ~ ( t ) ,  with t but ,  i n  p a r t i c u l a r ,  we wish t o  f ind  the f i n a l  
s t a t e  ~ ( t )  with ~ ( t )  = a = cons tant ,  I n  t h i s  sec t ion ,  wz eon- 
s t r u c t  a  method f o r  d e t e r i r n i n g  ~ ( t ) ,  given h ( t ) ,  and x t ~ r d y  
l i m  ~ ( t )  based on h o ( t )  ., 
t --. 03 
1, The genera l  inho~ogeneous so lu t ion .  We want t o  solvs 
---. -
t h e  l i n e a r  inhomogeneous equat ion (with source a ( t  ) ) 
with i n i t i a l  condi t ion 
~ ( 0 )  = 1 
We cons ider  a  s o l u t i o n  of the homogeneous equation 
w i t h  t h e  i n i t i a l  condi t ion  
and add i t  t o  a  p a r t i c u l a r  s o l u t i o n  of (3.36). We show below "h;~aat 
f ( t )  2 -Jo h(t-*)D(X)dh 
which s a t i s f i e s  
and i s  a p a r t i c u l a r  s o l u t i o n  of (3.36). Thus, we can write t h e  
needed s o l u t i o n  of (3.36) a s  
~ ( t )  = h ( t )  -I- f ( t )  ( 3  a 922 > 
Clear ly ,  we s a t i s f y  t h e  i n i t i a l  condi t ion  (3.37) w i t h  (3*42) since 
To prove t h a t  (3.40) s a t i s f i e s  (3.36), d i f f e r e n t i a t e  (3,40) 
b 
Using (3.38) f o r  h , and (3.39) f o r  h ( 0 )  , we obta ln  
We now want t o  show t h a t  the  i n t e g r a l  i n  (3.45) i s  equal. to f -t a 
a s  given by Eq. (3.36); i .e., we want t o  show t h a t  
The  right-hand s i d e  o r  Eq. (3.46) i s  
which i s  t h e  des i red  r e s u l t .  The f irst  e q u a l i t y  i n  (3.47) i s  due 
t o  interchanging t h e  and p i n t e g r a t i o n s .  The second a q x a l i t y  
i s  obtained by the  r e l a b e l i n g  
I n  the  t h i r d  l i n e ,  t h e  primes a r e  dropped. In  the  fourth line, 
we use 
z = t - w  , p . = t - Z  (3 4) 
and o b t a i n  the  f i n a l  expression by the  r e l a b e l i n g  of the  d m ~ y  z
2 *  The leading-order inhomogeneous so lu t ion .  An approximate 
inhomogeneous s o l u t i o n  with a = cons tant  can be obtained frell-sn our  
asymptotic expansion of h ( t )  . For t h i s  purpose, t h e  extension 
s o l u t i o n  proves most usefu l .  We have 
Thus, we can wr i t e  
if t h e  i n t e g r a l  
i s  uniformly bounded, We have seen previously t h a t  t h i s  condition 
ei, i s  s a t i s f i e d .  I n  P igs .  19, 20, and 21, f o r  E = lom3, 10- . and 
lom5 , we have p lo t t ed  
~ ( t )  a s  obtained from Eq. (3.5:L) w i t 1 3  t h e  
O(a) terms neglected and a l s o  a s  obtained from the  numerical 
Laplace transform invers ion  method, For each of these  curves ,  we 
expect approximately 10% accuracy based on t h e  f a c t  t h a t  x l o w l ; , ~  
v a r i e s  with e and i n  a l l  cases  a ,l . An examinatfcln of the 
curves shows t h a t  t h i s  expecta t ion  i s  borne out .  
A s  we mentioned previously,  t h e  long-time l i m i t  of ~ ( t )  f s  
most i n t e r e s t i n g  t o  us  i n  t h e  analogous cosmic ray  problem, s ince 
i t  i s  t h e  behavior of A ( T )  f o r  l a r g e  T which determines the 
t r a n s p o r t  p r o p e r t i e s  of I (T)  , For l a r g e  t h o ( t )  goes t o  
zero.  Therefore, i n  t h i s  l i m i t ,  we have 
l i m  ~ ( t )  = 
t -.> 03 
I n  t h i s  l i m i t  we,once again,  expect approximately 10% aeeuraeg 
i n  our  es t imate  of l i m  ~ ( t )  by keeping only h o ( t )  . Me have 
t --> a 
a l s o  indica ted ,  i n  F i g s ,  19, 20, and 21, the  r e s u l t  of u s i n g  
t h e  Markovian approximation t o  h o ( t )  i n  determining lim F (t ) 
t -.* co 
The agreement between t h i s  l i m i t  and the  large-time behavior of 
the  numerical Laplace transform invers ion  r e s u l t s  i s  s t i l l  well 
wi th in  t h e  10% e r r o r  es t imat ion .  
I V .  CONCLUSION 
p* QX- We have constructed several numerical and analytical ap--- 
imation techniques for obtaining solutions to our model c o s ~ ~ i e  
ray flux equation. Of these methods, the numerical Laplace trans- 
form inversion and the analytic extension technique seem the mset 
promising for determining the cosmic ray transport properties, 
Although the accuracy of the extension results is not v o ~ y  good, 
it is still well within that necessary for actual cosmic ray 
studies where the particular data available which would be cun- 
sidered contain similar or greater error estimates. Thus, we P e e l  
that a firm foundation for studying cosmic rag transport In the 
turbulent interplanetary and interstellar plasmas has been 
obtained. 
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FIGURE CAPTIONS 
Fig.  1 - The model equat ion homogeneous s o l u t i o n  f rom the 
numerical Laplace transform inversfon  method. In 
t h i s  example, E = . 
4 Fig.  2 - Same a s  Fig.  1 with E =  10- . 
Fig.  3 - Same a s  Fig.  I with E = lo-? . 
Fig.  4 - The i n i t i a l  rap id  decay of t h e  homogeneous so lu t ion ,  
shown by t h e  small  c i r c l e s ,  i s  compared t o  an expon- 
e n t i a l  decay with decay time 1 /~  1 an € 1  . In  this 
example, E = low3 . 
4 Fig.  5 - Same as Fig.  4 with E = 10- . 
Fig.  . 6  - Same a s  Fig.  4 with E = . 
Fig. 7 - The slow decay of the  homogeneous s o l u t i o n  for large 
times i s  compared t o  a power law decay. Note that 
- h ( t )  i s  p l o t t e d .  I n  t h i s  example, E = loe3 . 
Fig .  8 - Same a s  Fig.  7 with E = lor4 . 
Fig.  9 - Same a s  Fig. 7 with E = lo-' . 
Fig.  10 - The homogeneous model equat ion s o l u t i o n  from t h e  
numerical Laplace transform invers ion  (poin ts  ) i s  
compared t o  i t s  f i r s t  i t e r a t i o n  (continuous curve) for 
4 E = 10- . 
Fig.  11 - The homogeneous so lu t ion ,  h R ( t )  (continuous curve) i s  
compared t o  t h e  numerical Laplace transform invers ion  
r e s u l t s  ( p d  n t s )  f o r  E = 10-3 . 
Fig.  12 - Same a s  Fig.  11 with E = . 
Fig .  13 - Same a s  Fig.  11 with E = lo-' . 
Fig.  14 - The slow decay of h R ( t )  f o r  l a r g e  t imes i s  compared 
with the asymptotic expression of Eq. (3.24) far 
E = . Note t h a t  - h R ( t )  i s  p l o t t e d .  
Fig, 15 - The homogeneous model equation solution from t'he method 
of extension (continuous curve) is compared w i t h  the 
numerical Laplace transform inversion resulh* Ira. $his 
example, E = . 
4 Pig. 16 - Same as Fig. 15 with E = 10- . 
Fig. 17 - Same as Fig. 15 with E = loe5 . 
Fig. 18 - The slow decay of the homogeneous solution for large 
times from the method of extension is compared to 
the asymptotic expression given by Eq. (3.24) f o r  
4 
€ = 10- . 
Fig. 19 - The zerolth-order, inhomogeneous model equation solution 
is compared with the numerical Laplace transf om. i ~ v e ~ ? -  
sion solution for E = . The dashed line indicates 
the large time limit of the zero'th-order solution when 
the Markovian approximation to the leading-order Ihclmo- 
geneous solution is made. 
Fig. 20 - Same as ~ i g .  19 with E = lo-' 6 
~ i g .  21 - Same as ~ i g .  19 with E = 10-5 6 





















